In this paper we study elliptic curves which have a number of points whose coordinates are in arithmetic progression. We first motivate this diophantine problem, prove some results, provide a number of interesting examples and, finally point out open questions which focus on the most interesting aspects of the problem for us.
Introduction
During this paper, all standard results unless otherwise explicitely stated are taken from [9] . Extensive use has been made of Maple V + APECS (by Ian Connell, McGill University).
We will deal with elliptic curves defined over a field K by a Weierstrass equation, that is E : Y 2 + a 1 XY + a 3 Y = X 3 + a 2 X 2 + a 4 X + a 6 , a i ∈ K.
We will denote, as usual, E(K) the locus of the above equation, together with the point at infinity, O = (0 : 1 : 0).
Changes of variables preserving this form are those given by
and we will consider that two equations related by such a change of variables represent the same curve (equivalently, we will deal with elliptic curves up to so-called Weierstrass changes of variables). Consider then P 0 , ..., P n ∈ E(K), with P i = (x i , y i ) such that x 0 , ..., x n is an arithmetic progression. Then we say that P 0 , ..., P n are in x-arithmetic progression (x-a.p.) and also E is said to have an x-arithmetic progression of length n + 1. From the previous remarks, this does not depend on the Weierstrass equation considered.
The same definition goes for y-arithmetic progressions (y-a.p.). However, in this case, changes of variables (even those which preserve Weierstrass equations) can create and destroy y-arithmetic progressions.
Example. ∈ E(Q).
The reader can easily check that, after the change of variables
for instance, the corresponding points are not in y-a.p. Hence we can properly talk of x-a.p. in a curve, but if we speak of y-a.p. in a curve we must bear in mind that we are considering a specific equation.
This paper studies with elliptic curves which have a simultaneous arithmetic progression. First we need a proper definition of these progressions. Let us consider P 0 , ..., P n as above. If we ask for both x 0 , ..., x n and y 0 , ..., y n to be arithmetic progressions then the problem is far too easy, as P 0 , ..., P n must be collinear and hence n ≤ 2. Lots of examples can be found with this property; for instance all curves in the family E(b) : Y 2 + (2b − 1)XY + bY = X 3 − bX Definition.-With the above notation, P 0 , ..., P n are a simultaneous arithmetic progression (s.a.p.) or the equation E is said to have a simultaneous arithmetic progression if:
(a) x 0 , ..., x n are in arithmetic progression (called the support of the s.a.p.).
(b) There exists a permutation σ in the symmetric group of n + 1 elements S n+1 such that y σ(0) , ..., y σ(n) are in arithmetic progression.
The definition is clearly symmetric: it is equivalent (up to point ordering) to saying that y 0 , ..., y n are in arithmetic progression and there exists µ ∈ S n+1 such that x µ(0) , ..., x µ(n) are in arithmetic progression, but this version showed more useful for computational purposes.
With this definition, at least three straight problems arise:
(a) The detection problem: Given an elliptic curve, does there exist an algorithm for deciding whether it contains or not a s.a.p. of length n (giving as well a change of variables if needed)?
(b) The subsequence problem: If an elliptic curve has a s.a.p. of length n + 1, does it possess a s.a.p. of length n? (Note this is not at all trivial from the definition).
(c) The bound problem: Is there a bound for the possible lengths of s.a.p. in elliptic curves?
Trying to understand these three problems, we have developed some computational methods (actually, two partial answer to the detection problem) whose application may shed some light. Nevertheless the results achieved can be considered only as a first step towards a fully satisfactory understanding of these sequences. We have managed to prove the following results: Theorem 1.-Given an elliptic curve with an x-a.p., there exists an algorithm which decides whether or not the curve also has a s.a.p. with the given x-a.p. as support.
Theorem 2.-There are integers n such that there are examples of s.a.p. of length n which do not contain any s.a.p. of length n − 1.
Theorem 3.-There are no elliptic curves defined over Q with s.a.p. of length 7. There are only finitely many non-isomorphic curves defined over Q with s.a.p. of length 6.
We will finish this introduction with a word on motivation. At first our interest was drawn to this subject by the articles of BremnerSilverman-Tzanakis ( [4] ) and Bremner ([3] ). Apparently these papers had their starting point in the featuring of x-a.p. as by-product of a latin square problem (see more on this in [1, 2] ). However, highly interesting results were sketched in both papers around the relationship between the existence of arithmetic progressions on a certain elliptic curve and its rank. In this same line a paper by Campbell appeared ( [5] ) pointing out far-reaching questions, probably too difficult for the state-of-the-art.
The history of the problem, though, can be traced back quite further, as (for the specific case of Mordell curves) it was treated previously by S.P. Mohanty ([8] ) who studied x and y-a.p. separatedly and by Lee and Vélez ([7] ) who first treated s.a.p., if only in the naive form mentioned above, without permutations involved. The motivation for these first works was, as many other times in the history of number theory, purely diophantine.
We became interested in this specific problem while trying to improve Bremner's record of longest x-a.p. by narrowing the search 1 . Our first attempts were shown in [6] , using a specific kind of s.a.p., which allowed us to find examples of s.a.p. of length 5. These methods were not at all exhaustive, as it accurately pointed out by Bremner in his MathSciNet review. After this work, we feel that some of the problems posed are worth a closer look and the setup remains challenging. As Bremner points out in [3] : "Questions in number theory that interrelate two group structures are easily posed, but often lead to intractable problems".
The detection problem
Let us consider a set of points P 0 = (x 0 , y 0 ), ..., P n = (x n , y n ) in an elliptic curve, defined over K by a Weierstrass equation:
Let us suppose the points P 0 , ..., P n ∈ E(K) to be in x-a.p. We are interested then on finding, if there exists any, a change of variables, preserving the Weierstrass form of E, which transforms
.., P ′ n is a s.a.p. on the corresponding equation E ′ . This change of variables must be of the form
If x i = a + i · d, and we want y ′ σ(0) , ..., y ′ σ(n) to be an arithmetic progression for some σ ∈ S n+1 , then it must hold
We can take, with no loss of generality, u = 1, s = 0, t = 0. This involves only choosing an appropriate reference system by translation and scaling (which would not affect s.a.p. in any case). Then we have
These last identities can be written as a system of n + 1 linear equations in r, b and d ′ , with matrix
Note that the y-sequence y 0 , ..., y n is not an arithmetic progression if and only if first, second and fourth columns are independent; equivalently ∃s ∈ {2, ..., n} such that
Algorithm 1.-Our first detection algorithm is based on the fact that, the existence of a solution to our system (that is, the existence of a s.a.p.) is equivalent to A * having rank 3. The formal algorithm goes like this:
Input Data: E, x 0 , ..., x n (equivalently E, x 0 , n, d).
Step 0: Choose a suitable set {y 0 , ..., y n } such that (x i , y i ) ∈ E(K).
Step 1: (Fool-proof checking) Check whether {y 0 , ..., y n } is an arithmetic progression. If so, we are finished; if not, find an s, 2 ≤ s ≤ n as above.
Step 2: For any σ ∈ S n and any i ∈ {2, ..., n}, i = s, compute the minor formed by the first, second, s-th and i-th rows of A * .
Step 3: If, for some σ ∈ S n the n−2 minors are null, solve the system to find r, b and d ′ . If not, back to step 0.
The main inconvenience of this procedure is its needing of 2 n+1 (n+ 1)!(n − 2) determinant computations, as there are (n + 1)! possibilities for σ and 2 possibilities for each y i . So we will try to find a more efficient procedure, although this set-up will prove useful later on.
Note that, what we need from all them, in order to have a s.a.p., is to be in the same plane. This is the basis for our algorithm, whose input data and steps 0 and 1 are identical to the previous one:
Step 2: For each {i, j, k} ⊂ {0, 1, ..., n}, we consider the plane
Step 3: For l = 2, ..., n and l = s, we intersect the line x = ld, y = y l with the plane π ijk .
Step 4a: If any of these intersections gives a point (ld, y l , z l ) such that z l / ∈ {0, 1, ..., n} or z l is equal to another z l ′ , then {z 0 , ..., z n } does not correspond to {σ(0), ..., σ(n)} for any σ ∈ S n+1 . Back to step 2, change the plane and repeat the process or back to step 0 if all planes have been exhausted.
Step 4b: If we find out a set of points Q 0 = (x 0 , y 0 , z 0 ), ..., Q n = (x n , y n , z n ) with z i = σ(i) for i = 0, ..., n and σ ∈ S n+1 , then σ allows us to have a solution r, b, d ′ of our system.
As for computations is concerned, note that we have (n + 1)n(n − 1)/6 possibilities for π ijk , and for each plane we have, at most, n − 2 intersections. This, together with the 2 n+1 possibilities for each y i , means a saving of around (n − 3)! computations.
The implementation of both algorithms shows the time difference is not huge (as n dos not go very far), but it already grows significantly for n ≤ 5.
From now on, we will note σ ∈ S n+1 by σ = (a 0 ...a n ), meaning σ(0) = a 0 , ..., σ(n) = a n .
Example.-Let the curve Y 2 = X 3 − 112X + 400, defined over Q, which has the following x-arithmetic progression of length 4:
and there are 4 of the 2 4 y-sequences that lead to simultaneous arithmetic progressions. The equation for both cases is
Now, if we try to repeat the procedure for length 6 with
we find that none of the 2 6 possible y-sequences leads to a simultaneous arithmetic progression.
Open problem 1: Find a procedure for deciding whether an elliptic curve has an x-a.p. of given length.
The most interesting results on this line are the parametrizations by Bremner in [3] which will be used afterwards in this paper. However they are still far from being useful from a computational point of view.
The subsequence problem
The programs developed in the previous section (specially the second one) were of great help with testing the examples we had created with the techniques shown on [6] and also with creating new ones. The counterexamples announced in Theorem 2 were product of these extensive calculations. Here we present the simplest one.
(Counter)Example.-Consider the following elliptic curve over Q, in Tate normal form,
which has the x-arithmetic progression of length 5:
Using the above procedure we find a y-sequence that gives simultaneous arithmetic progression:
There is only one permutation σ which passes Algorithm 2 and, henceforth, allows the change of variables, σ = (20413). The y ′ -arithmetic progression is
for the equation
This way, we have found a simultaneous arithmetic progression of length 5 not containing a simultaneous arithmetic progression of length 4, because the permutation involved is not the extension of an S 4 permutation. In our many calculations these are singular cases: first of all, the permutation found is seldom unique and, among the collected ones, we usually find an extension of some S 4 permutation. But the fact is that these counterexamples happen, which, by the way, carry an additional difficulty for all arguments involving induction.
Interestingly enough, there are other suitable s.a.p. of length 5 with the same support (that is, other choices for the y i ) which happen to have subsequences of length 4.
Open problem 2:
Given an elliptic curve with a s.a.p. of length n, is there always a s.a.p. of length n − 1 whose support is contained in the support of the given one?
We have found no examples to support a negative answer to this question which, by the way, may serve as a weak induction result.
The bound problem
Our final look will be to the bound problem. As it was pointed out by Bremner in [3] , this kind of problems tend to become unmanageable quite quickly. From our many attempts, we will describe here the most successful of them all; which relies on a parametrization of curves with x-a.p. due to Bremner ([3] ) (here slightly changed for our purposes). In what follows we will assume K = Q. Note that all the previous arguments do not rely on the base field at all.
First of all, we will parametrize elliptic curves in short Weierstrass form
with four points in x-a.p.;
Now, we consider the four polynomials F 0 , ..., F 3 given by Now, making the scaling with u = 6d we obtain the following parametrization:
Curve: Y 2 = X 3 − 6 2 P + 6 3 Q First term: 36d 2 a = −6R Difference: 36d 3 = 6y 2 3 − 6y 2 0 + 18y
We will use from now on A, B, a, d for these new polynomials. It is interesting noting that the points in x-a.p. are now
We will try to produce curves with a s.a.p. of given length with a variant of Algorithm 1 which we will illustrate with the case of length 6. In fact, using this procedure we might compute all curves with such a s.a.p. in contrast with the lack of exhaustiveness of [6] . If we want points P 4 = (a + 4d, z 4 ) and P 5 = (a + 5d, z 5 ) to be in the curve it must hold z 4 = ±36 4y 2 3 + 4y 2 1 − y 2 0 − 6y 2 2 (−y Example.-We will show how to proceed using the 3-cycle σ = (210345). After the above remarks, we may use the matrix M , given by
instead of the original matrix A * from Algorithm 1; and ask M to have rank 3, as we are assuming d = 0. Note that {y 0 , ..., y 5 } are not the y-coordinates of the points P 0 , ..., P 5 . As all the minors are linear polynomials on y 0 , ..., y 5 and we have also two quadratic relations, it is not surprising that the complete solutions are two linear varieties, actually a plane and a line, given by the following parametrizations: from which the first one only contains points inducing d = 0 and therefore must be discarded. In fact, these trivial solutions appear in all cases, which is clearly a by-product of our previous assumptions. Now we make the substitutions induced by the second parametrization, obtaining This gives, after the corresponding substitution, the equation We have not computed all curves with s.a.p. of length 6, although we have bounded the number of curves by 19200 cases, using the previous computations with all possible sign and permutation choices, counting only the number of possible solutions, that is, cases where the line does not induce d = 0.
To be precise, only half of the sign choices have to be considered, as every arithmetic progression of difference d is also an arithemtic progression of difference −d, and hence, every curve appears at least twice, for a pair of inverse choice of signs and permutations.
Even so, not all of these cases are non-isomorphic elliptic curves; there might be isomorphic curves among them as well as genus 0 curves. In the appendix we have given some explicit data for the first 100 curves actually computed with this method where repeated curves already appear (in fact, there are only 56 non-isomorphic curves).
As a side remark, the distribution of the possible is extremely regular: there are 600 allowed permutations (that is 600 lines not giving d = 0) for every sign choice and only sign changes were allowed most for the solutions for a fixed permutation. By the way, these differences ususally disappeared when finding the solutions to the system given by A * . This, together with the repeated cases shown in the appendix, gives a heuristic estimation of only around 350 non-isomorphic curves, but filling the details of such a list is beyond our computational possibilities so far.
As for length 7 is concerned our procedure shows there are no solutions, as all induce d = 0. This case exhausts the possibilities of computer checking, at least with these methods, as it took around 20 hours of CPU (which implied four days in real time) and, more constraining, 2 11 Mb of stack memory. For considering this attack to length 8, these figures should be multiplied at least by 16 (8 for the number of permutations and there are twice as many minors now), let alone the additional difficulty of adding a new quadratic polynomial to the system, which is not easy to measure.
Open problem 3: Find a universal bound for the length of a s.a.p. on elliptic curves over Q.
Note that an affirmative answer to the open problem 2 would mean 6 is the answer to open problem 3.
Appendix: Examples of curves with s.a.p. of length 6
Please note that this stream was computer-generated taking as a unique choice the permutation. Due to this, some of the curves (for instance examples 009 and 010) appear more than once, as they have different s.a.p. Also one may find isomorphic curves (as 001 and 002). As we said above, only 56 non-isomorphic curves can be found in this table, but we have preferred to leave as it came, as we feel it illustrated better the phenomenon. 3) Rank (r): The rank of the curve, computed with APECS (≤ means APECS failed to actually compute the rank, in which case the best upper bound given is shown). All curves have trivial torsion group. As Bremner noticed in [3] , points in arithmetic progression seem to have a tendency to be independent. If we only take into account the ranks actually computed, we get an average over 4, when the average for random curves is known to be much smaller ( [10] ).
It should be noticed that example 039 is a remarkable case: no x-a.p. of length 6 were known in groups of rank one (see the last remark of [3] ), and [4] shows why this is so uncommon. The relation, if any, between the rank and the length of s.a.p. (or x-a.p.) seems a much harder problem to tackle.
